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Abstract. Our concern in this paper is the dimension and inclusion relations of 
Schubert varieties in twisted partial affine flag varieties. In the end we apply our 
results to some local models of certain Schubert varieties. 

0. Introduction 

Let G be a connected reductive linear algebraic group over the local field K = fc((i)) 
of Laurent series with algebraically closed residue field k and ring of integers Ok = kftj. 
The loop group LG is the functor 

LG : Spec(i?) i— ► G(Spec(i2((t)))) 

on the category of affine /c-schemes. This functor is representable by an ind-scheme of 
ind-finite type (=inductive limit of schemes of finite type). To a facet F in the Bruhat- 
Tits building of G there is associated a unique smooth affine group scheme Vf with 
connected fibers over Ok such that its generic fiber is G, and its C^-valued points 
Vf(Pk) are the parahoric subgroup of G(K) attached to F. To Vf corresponds an 
infinite-dimensional affine group scheme L + Vf over k with 

L + V F (Spec(R)) = V F (Spec(Rlt})). 

The quotient Tf = LG/L + Vf (in the sense of fpqc-sheaves) is called the twisted affine 
flag variety associated to G and F and is representable by an ind-proj scheme (=inductive 
limit of projective schemes) over k (cf. [PRlj ). If F is a special vertex, we also call Tf 
the twisted affine Grafimannian. We consider Schubert varieties in Tf, i-e. reduced 
closures of L+TV-orbits in Tf- These are finite-dimensional projective varieties over k. 
Our concern in this paper is the dimension and inclusion relations of Schubert varieties. 
In the end we apply our results to some local models of certain Schubert varieties. 

Fix a maximal if-split torus S in G whose apartment contains F. The Schubert 
varieties in Tf are enumerated by double cosets Wf\W /Wf of the Iwahori-Weyl group 
W modulo the subgroup Wf attached to F. For w £ Wf\W/Wf, the corresponding 
Schubert variety S w is the closure of the L +, P^-orbit 

{L + V F w L + V f )/L + V f C T f 
equipped with the reduced scheme structure. 

The choice of an alcove containing F in its closure endows the group W with the struc- 
ture of a quasi Coxeter-system, which may thus be equipped with a Bruhat-Chevalley 
(partial) order < and a length function I. To w € Wf\W /Wf, we associate a unique 
representative fw f in W which satisfies 

1(fw f ) = Max Min l(w\ww2), 
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where w is any representative of w in W. If we set fW f = f {w £ W \ w = fw f }, then 
the Schubert varieties in Tf are also enumerated by fW f . 

Proposition 0.1. Let S w be the Schubert variety in Tf corresponding to w G fW f . 
(i) 5 W is se£ theoretically a disjoint union of locally closed strata 



S w = J] (L + V F v L + V f )/L + Vf- 



v£ F W F 
v<w 

(ii) T/ie dimension of S w is equal to l(w). 

Let Wq be the relative Weyl group of G with respect to S. Denote by T the centralizer of 
S in G. Since G is quasi-split, T is a maximal torus. Let F = {x} be a special vertex and 
I be the absolute Galois group. Then it turns out (cf. Cor. [TED that F W F = X*(T)J 
are the antidominant representatives of the Wo-orbits in the coinvariants under I of 
the geometric cocharacters X*(T). Let Gd er be the derived group of G with simply 
connected covering G sc — > G^. Denote by T sc the inverse image of Gd er HT in G sc . Let 
So be the unique reduced root system such that 

compatible with the semidirect product decomposition. Here VF(So) is the Weyl group, 
and Q(Eq) is the coroot lattice with respect to So- 

Corollary 0.2. Let be the Schubert variety in Tf corresponding to \i G X*(T)J . 
Then 

dim(5 M ) = |(/i,2p)|, 
where p denotes the halfsum of the positive roots in So • 

Remark 0.3. The proposition and corollary are well-known in the case of split groups. 

Schubert varieties admit a good class of resolutions of singularities. The following 
Theorem is the analogue in the present case of an analogous resolution in the case of 
Schubert varieties in finite dimensional flag varieties (cf. [BH Ch. 9.1]). A proof in 
the case of simply connected split groups was explained to me by N. Perrin, and his 
arguments extend to the general case. 

Theorem 0.4. Let F be a facet in the Bruhat-Tits building of G, and let S be a fixed 
Schubert variety in Tf- Assume for simplicity that S is contained in the neutral com- 
ponent of Tf- Then there exist parahoric group schemes V\,...,V n and Qi,...,Q n with 

(i) L+Qi C L + Vi n L + V l+ i for i = 1, .... n - 1, 

(ii) L+Q n c L + V n n L + V F 

(iii) L + V F C L + V x 
such that the morphism 

L + Vi x L+Sl ... x^ 2 - 1 L + V n /L + Q n — > T F 

given by multiplication factors through S and induces a birational and L + V\-equivariant 
morphism 

L + Vi x L+Ql ... x^ 2 - 1 L + V n /L + Q n -> S. 

Moreover, the source of this morphism is an iterated extension of homogeneous spaces 
and is hence smooth over k. 
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Suppose that G splits over K. If F = C is an alcove, then a resolution like the one 
in Theorem 10.41 can be provided by the Demazure resolution. The case of Schubert 
varieties in finite-dimensional flag varieties is treated in [Demj, and the affine case is 
an extension of these arguments |PRll §8.c.]. If F is a hyperspecial vertex and if w is 
a quasi- minuscule coweight, then the resolution of Theorem 10.41 is the same as the one 
constructed by B.-C. Ngo and P. Polo in [NP, Lemme 7.3]. 

Theorem 10.41 has applications to the theory of local models of Shimura varieties with 
parahoric level structure. We illustrate this by the following example. Let G = GU(W, eft) 
be the group of unitary similitudes for a hermitian vector space (W, <p) of odd dimension 
n = 2m + 1 > 3 over a totally ramified extension E of Q p with p ^ 2. Let P C G(Q P ) a 
parahoric subgroup with corresponding parahoric group scheme V over Z p . G. Pappas 
and M. Rapoport [PR3J attach to P the naive local model Mp aive over Oe which models 
the etale local structure of a corresponding model for the unitary Shimura variety of 
signature (r, s) at a given ramified prime p. The local model Mp aive is a projective Oe 
scheme which carries an action of V <g> Oe and whose generic fiber is of dimension rs. It 
admits a moduli description, but fails to be flat in general [PaJ. To remedy the failure of 
flatness, Pappas adds the A-condition to the moduli description of Mp aive , thus defining 
a closed subscheme, Mp C Mp aive , the wedge local model, which agrees with Mp aive on 
generic fibers. B. Smithling |Sm] shows that the scheme Mp is topologically flat. There 
is a further variant 

M]? c C M£ C M^ aive , 

which is by definition the flat closure of the generic fiber in Mp aive , and is thus itself 
flat. It is called the local model and conjecturally admits a moduli description [PR3, 
Conjecture 7.3]. 

An important tool for the study of these local models is the embedding of the geometric 
special fiber Mp lve = M£ aive <g> Fp g of the naive local model in the partial twisted affine 
flag variety J-p corresponding to P (cf. [PR3, §3.c]). This embedding is equivariant 
under the action of L + V. 

Now assume that P is a special parahoric subgroup. There are two conjugacy classes 
of special parahoric subgroups, and we assume that P corresponds to the class given by 
I = {m} in the notation of |PR3j l.b.3 a)]. So T = Tp is a twisted affine Grafimannian. 
Let M S A = Mp be the wedge local model for signature (r, s). This case is also considered 
by K. Arzdorf in [Arzj . 

Theorem 0.5. There is a projective morphism tt s : — > M^ of Oe -schemes which 
is the identity on generic fibers, and which satisfies the following properties: 

(i) The geometric special fiber = U| =0 Zj is the union of s + 1 irreducible and 
generically smooth divisors on the scheme Ad^ which are the strict transforms of s + 1 
linearly ordered strata in Mg. The divisors Zq, Z s are smooth, and the restriction 
tt s \z s '■ Z s — > M^ is a surjective birational projective morphism. In particular, M^ is 
irreducible and contains a non-empty open reduced subscheme. 

(ii) The special fiber of the local model m|° c is equal to the reduced locus (Mj ) re( j, and 

hence vf s |z 3 factors through M l ° c , thus defining the morphism 6 : Z s — > M^° c which is 
embedded in a twisted affine Grafimannian, such that 8 is identical to an equivariant 



affine Demazure resolution in the sense of Theorem 0.4 



As a corollary we obtain the main result of K. Arzdorf |Arz| . 

Corollary 0.6. The geometric special fiber of the local model M] oc is normal, Frobenius- 
split and has only rational singularities. 
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Remark 0.7. If (r, s) = (n — 1,1), the morphism m : — > M± is a semistable 
resolution, i.e. M.^ is regular and the irreducible components of the special fiber are 

smooth divisors crossing normally. In fact, in this case the scheme M^ c is even smooth, 
although it is stratified by s + 1 = 2 orbits as a Schubert variety in the twisted affine 
Grafimannian T as was observed by the author |Arz[ Prop. 4.16]. As a consequence the 
analogue of the Theorem of S. Evens and I. Mirkovic [EM, Corollary B] that a Schubert 
variety in the affine Grafimannian is singular along its boundary, fails for twisted affine 
Gr afimannians . 

Acknowledgements. First of all I thank my advisor M. Rapoport for his steady en- 
couragement and his interest in my work. I am also grateful to N. Perrin for his ex- 
planations about the construction of an equivariant Demazure resolution. Moreover, 
I warmly thank J.-L. Waldspurger for his explanations about Bruhat-Tits theory and 
some related combinatorial problems. 

Notation. Let K be a discretely valued complete field whose valuation val : K x —¥ Z 
is non-trivial, non-archimedean and normalized such that uniformizers have valuation 1. 
Denote by Ok its ring of integers with maximal ideal wxk and residue field k = Ok/v^k- 
We assume that k is algebraically closed. Let K sep be a separable closure of K. 



1. The Iwahori-Weyl group 

First we recall some facts on the Iwahori-Weyl group as given by T. Haines and M. 
Rapoport in [HRJ and prove some combinatorial lemmas needed later. 

Let G be a connected reductive linear algebraic group over K. Note that G is quasi- 
split by Steinberg's Theorem. Let 23 = 23 (G, K) be the (enlarged) Bruhat-Tits building. 

Fix a maximal A'-split torus S. Let T be the centralizer (a maximal torus) of S, and 
let be the normalizer of S. Denote by Wo = N{K)/T(K) the relative Weyl group of 
G with respect to S and denote by A = A(G, S, K) the apartment of 23 corresponding 
to S. 

Definition 1.1. (i) The Iwahori-Weyl group W(G, S) of G with respect to S is 

W = W{G, S) = N{K)/T°(O k ), 
where T° is the connected Neron model of T over Ok- 

(ii) Let F be a facet in A with corresponding parahoric subgroup Pp. The subgroup 
Wf of the Iwahori-Weyl group corresponding to F is 

W F = N(K) n Pf/T°{Ok)- 

Remark 1.2. Let iti(G) be the quotient of X*(T) by the coroot lattice of G with respect 
to T. The absolute Galois group / = Gal(AT sep /AT) acts on m(G), and we denote by 
n\(G)i the coinvariants under this action. Kottwitz defines in \Ko\ §7] a surjective 
morphism of groups 

(1.1) kg '■ G(K) — > 7ri(G)/. 

We choose a different normalization of kg- For the torus T our normalization differs 
from Kottwitz' normalization by a sign, i.e. we demand qr o kt = —vt in Kottwitz' 
notation {loc. cit.). 
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The group N(K) operates on A by affine transformations 

v : N(K) — > AS (A). 

The kernel ker(z/) contains the group T°(Ok). Hence, we obtain an action of W on A. 
Let Gi be the kernel of the Kotwitz morphism kq and set N\ = N(K) n Gi. Fix an 
alcove C7 in the apartment A, and denote the corresponding Iwahori subgroup by B. 
Let S be the set of simple reflections at the walls of G. By Bruhat and Tits |BT2l Prop. 
5.2.12], the quadruple 

(1.2) (Gi,B,JVi,S) 

is a double Tits system with affine Weyl groupQ W a t = N\/T°(Ok), and the inclusion 
Gi C G(K) is 5-iV-adapted of connected type (cf. [BT1^ 4.1.3]). 

For any facet F contained in the closure of G, the group Wf is the parabolic subgroup of 
the Coxeter-system (W a f , §) generated by the reflections at the walls of G which contain 
F. A consequence of (|1.2p is the following lemma: 

Lemma 1.3 ([HR] Prop. 8). Let F (resp. F' ) be a facet contained in the closure ofC, 
and let Pp (resp. Pf 1 ) be the associated parahoric subgroup. There is a bijection 

W F '\W/W F A P F '\G{K)/P F 

Wpi w Wf 1 — > Pf' n w Pf, 
where n w denotes a representative of w in N{K). 

Remark 1.4. If F' = F is a special vertex, then Wf maps (via the canonical projection) 
isomorphically onto Wo and presents the Iwahori- Weyl group as a semidirect product 

(1.3) W = (T(K)/T (O K )) x W . 

The group 7"°(Gx) is equal to the kernel of the Kottwitz morphism kt, and hence we 
obtain an isomorphism 

T{K)/T°{O k )^X^T)j. 
Therefore, the double classes modulo Pp are enumerated by the Wo-orbits in X*(T)j. 

There is an exact sequence of groups 

1 — ► Waf — > W — > N(K)/N\ — »• 1, 

and the group N(K)jN\ may be identified with the stabilizer of the alcove G in W. 
Using the Kottwitz morphism kg , the inclusion N(K) C G(K) gives an isomorphism 

N(K)/N! = G{K)/G 1 ^> tt(G)j, 
and hence a semidirect product decomposition 

(1-4) W = K 1 {G)l X Waf. 

Since (W a f,S) is a Coxeter-system, it is equipped with the Bruhat-Chevalley (partial) 
order < and the length function I. By (|l,4p the Iwahori- Weyl group VF is equipped with 
a quasi-Coxeter structure. 

Remark 1.5. If G is simply connected, then G\ = G{K) and hence W = W a f is a Coxeter 
group. 

Fix two facets F' and -F in the closure of G. 
1 We used that B n JVi = T°(0k). 
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Lemma 1.6. Let w G W. 

(i) There exists a unique element w F of minimal length in wW F ■ 

(ii) There exists a unique element F /w F of maximal length in {(vw) F \ v G Wi?'}. 

Proof. We may assume that W = Wg£. Then the result follows from the proof of Lemma 
O below. □ 

Denote by F >W F C W the subset 

(1.5) F ,W F = { F> w F | w G W} 

of the Iwahori-Weyl group. This set maps bijectively under the natural projection onto 
the set of double classes 

(1.6) F 'W F A W F \W/W F . 

Let V = V(G, S) be the R- vector space M.® X*(S). We have a natural perfect pairing 
(-,-) : X*(S) x X*(S) — > Z of free Z-modules. Tensoring with R we get a natural 
identification of R <8> X*(S) with the dual space V w and hence a perfect pairing 

(1.7) (-,-) : V x V y — > R. 

Choose a special vertex {x} in the closure of C. Then we may identify A = V such that 
{x} is identified with 0. The Iwahori-Weyl group is represented as a semidirect product 
W = X*(T)j xi W - By Bourbaki [Boul Chap. VI, §2, n° 5, Prop. 8], there is a reduced 
root system So such that W a f = Q v (£o) * W(So) is the affine Weyl group of So- Denote 
by 

S = {a + k | a G So and G Z} 
the associated system of affine roots. The Iwahori-Weyl group W acts on E by 

tt>(a)(x) = ct{w~ l ■ x), 

for x G V, a G X and w G W. For a root a G E, we write a(F) =0, if a vanishes on 
F and a(-F) > 0, if a takes non-negative values on F. Let T,(F) be the set of all affine 
roots with a{F) = 0. Fix an element w G W. The length l(w) is equal to the number 
of elements of 

(1.8) {a G E | a(C) > and w(a)(C) < 0}. 

Writing w = • U7fi n according to the semidirect product decomposition given by the 
special vertex x, we deduce from (|1.8p the formula 



(1.9) l(e^w &n ) = Yl l^' a )l + E l<M,«> - 1| ; 

a(C)>0 a(C)>0 
»fl n 1 (a)(C)>0 w^(a)(C)<0 

where a runs through the elements of Eo, and (-,-) : V x y v — )• R is the natural pairing. 

Lemma 1.7 (J.-L. Waldspurger) . TTie length l( F nv F ) is equal to the number of elements 
of 

{a G S\E(F) | a(C) > and w(a)(F') < 0}. 

Proof. First, we show that the length l(w F ) is equal to the number of elements of the 
set 

(1.10) {a G E\E(.F) | a(C) > and w(a)(C) < 0}. 
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Let u G Wp. The length l(wu) is the number of elements of the set 

{a G E | a(C) > and *iru(a)(C) < 0}. 

This set decomposes into a disjoint union X(u) U Y(u) with 

*(tt) = {a G E\E(F) | a(C) > and wu(a)(C) < 0} 
Y(u) = {a G E(F) | a(C) > and wu{a){C) < 0}. 

The map a h-> u(a) preserves the positivity for a G E\E(F). Hence, X(ii) is independent 
of u and equal to X(l). Therefore, it is enough to prove that there is a unique u G Wf 
such that Y(u) = 0. This means that u maps the set {a G E(.F) | a(C) > 0} to the 
set {a G E(F) | w(a)(C) > 0}. But those sets are Borel subsets of E(F) and it is well 
known that there exists a unique u G Wf mapping the first set to the second. This 
proves (jl.lOp and also Lemma [L6l (i). 

Now let u G Wf'- The length l((uw) F ) is the number of elements of the set 

{a G E\E(F) | a(C) > and u«;(a)((7) < 0}. 
This set decomposes into a disjoint union X(u) U Y(u) with 

= {a G E\E(F) | a(C) > 0, uw(a)(C) < and w(a) E(i ?/ )} 
= {a G E(F) | a(C) > 0, «nt(a)((7) < and w{a) G S(F')}. 
Again, the number of elements of X{u) is independent of u and equal to 

{a G E\E(F) | a(C) > and w{a){F') < 0}. 
The set Y(u) is contained in 

Y = {a G E\E(F) | a(C) > and w(a)(F') = 0} 

It is enough to prove that there exists a u G Wpv with = K and that those u form 
a single right coset modulo Wp> H (t^W^Fit) -1 ). The set (resp. K) is the image 

under the map /? i-> of the set 

U(u) = {/3 G S(F') | < and u(/3)(C) < 0} 

(resp. U = {P G S(F') | u;- 1 ^)^) < 0}). 

The condition U(u) = U is equivalent to u(J7) C E(i ?/ )~, where E(i ?/ ) _ is the set 
E(F')~ = {/3 G E(F') | /3(C) < 0}. This last set is a Borel subset of E(F'). Set 

L = {/3GS(F') l^- 1 ^) GS(F)}. 

Then 

p = LUU = {(3 e E(F') | u^V) < 0} 

is a parabolic subset of E(F') with Levi subset L and unipotent subset U. The inclusion 
«([/) C E(_F')~ is equivalent to E(i ?/ )~ C u(P). It is well known that there is a 
n G Wjr/ that realizes this inclusion and that it is unique modulo right multiplication 
with elements of the Weyl group associated to L. But this group is contained in the 
group W F > n (wWpw- 1 ). This proves the Lemma and also Lemma 11.61 (ii) . □ 

For any fi G X*(T)i denote by // a nti the unique antidominant representative in Wq ■ fi. 



'The uniqueness follows from the fact that Wo acts trivial on the torsion elements in X*(T)j. 
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Corollary 1.8. There is the identification 

{x} W {x} = K | n G X*(T)j and p = p^ti}, 
and for € {sT-W^ 2 ^, Us length is given by 

l(e») = \(n,2p)\, 
where p denotes the half sum of the positive roots in So . 

For A, p antidominant, e x < e M in the Bruhat order if and only if A < \i in the antidom- 
inance order with respect to So- 

Proof. Let p € -X*(T)j. Since S({x}) = So, we deduce from (jl.lOp that 

(1.11) l(( e n {x} )= Yl l^' a )l - #{a € S | a(C) > and (p,a) > 0}. 

a(C)>0 

This is maximal, for /i varying in its Wo-orbit, if \x = /U ant ; is the unique antidominant 
element, and in this case 

l(en= E \(n,a)\ = \(n,2p)\. 

a(C)>0 

The last assertion is well-known. □ 
Remark 1.9. Formula (jl.lip is also given by Iwahori and Matsumoto in [IM} Prop. 1.25]. 

2. Schubert varieties 

First we recall some facts on Schubert varieties in twisted affme flag varieties as 
given by G. Pappas and M. Rapoport in [PRl]. We then explain how to calculate the 
dimension and stratification in the case of a twisted affine GraBmannian. 

We assume from now on that K is of equal characteristic, i.e. char(i^) = char(/c). We 
give the integers Ok the structure of a fc-algebra. 

Let G be a scheme over K. Then the functor LG from the category of affine fc-schemes 
to the category of sets is defined by 

LG(S) = G(Spec((R® k O K ) ®o K K)), 

for any affine A>scheme S = Spec(i?). Here R ®kOx denotes the completed tensor 
product with respect to the m^-adic topology. Likewise, for any scheme Q over Ok one 
defines the functor L + Q as 

L + Q{S) = g(Spec(R® k O K )), 

for any affine fc-scheme S = Spec(-R). The functors LG and L + Q give rise to sheaves in 
the fpqc-topology on the category of affine /c-schemes. 

Remark 2.1. Choosing a uniformizer t of Ok, we obtain 

LG(S) = G(Spec(i2((t)))) and L + G(S) = 0(Spec(fl[t])), 

for any affine fe-scheme S = Spec(-R). 

If G (resp. Q) is a group scheme over K (resp. Ok), then LG (resp. L + Q) is a sheaf 
of groups. Let Q be a group scheme over Ok- Then one defines Tg as the fpqc-quotient 

t q d = f Lg v /L + g, 
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where £/„ denotes the generic fiber of Q over Ok- In other words, J-g is the fpqc-sheaf 
on the category of affine fc-schemes associated to the functor S \— > LQ rj (S)/L + Q(S) for 
any affine A:-scheme S. 

Theorem 2.2 ([PR1], Thm. 1.4). (i) If G is affine of finite type over K, then LG is 
representable by a strict ind-affine scheme over k. 

(ii) If Q is affine of finite type over Ok, then L + Q is representable by an affine scheme 
over k. 

(iii) If Q is a smooth affine group scheme over Ok, then Tg is representable by an 
ind-scheme of ind-finite type over k and the quotient map LQ V — > Tg admits sections 
etale-locally. 

Let G be a connected reductive linear algebraic group over K. 

Definition 2.3. Let F be a facet of the building "B(G, K) and denote by Vf the corre- 
sponding parahoric group scheme. The fpqc-sheaf 

T F = T Vf = LG/L + V F 

is called the (twisted) affine flag variety. 

If F is an alcove (all of these are conjugate), we call T-p F the (twisted) full flag variety. 
If F is a special vertex, we call T-p F the (twisted) affine Grafimannian associated to F. 

Remark 2.4. By Pappas and Rapoport |PRlj Thm. 5.1], the Kottwitz morphism gives 
rise to a locally constant surjective morphism of ind- group schemes over k 

k g : LG — > 7Ti(G)/ , 

where -k\{G)i denotes the constant group scheme associated to n±(G)j. In particular, 
the fc-points of the neutral component (LG)°(k) are equal to G\ (cf. (|1.2p ). 

Fix a parahoric subgroup P' = Ppi (resp. P = Pp) given by a facet F' (resp. 
F) of 25 = "B(G,K), and denote by V (resp. V) the corresponding parahoric group 
scheme. We choose the maximal X-split torus S such that F' and F are contained in 
the corresponding apartment A = A(G, S, K). 

Definition 2.5. Let w be an element of the Iwahori-Weyl group W = W(G, S). 

(i) The (P' , P)- Schubert cell C w = C W (P',P) is the reduced subscheme 

L + V' ■ n w C LG/L+V = F v , 
where n w denotes any representative in N(K). 

(ii) The (P', P) -Schubert variety S w = S W (P', P) is the reduced scheme with underlying 
set the Zariski closure of C w . 

Remark 2.6. The definition of C w and hence of S w is independent of the chosen repre- 
sentative n w of w. The Schubert cell C w is an irreducible smooth variety over k, since 
the L+P'-action on C w factors through a finite-dimensional irreducible smooth quotient 
of L + V'. Note that in general C w is not a topological cell, when P' is not an Iwahori sub- 
group. The Schubert variety S w is an irreducible projective variety, and C w is an open 
dense subset in S w . However, S w is not smooth in general, and there arise interesting 
singularities along the boundaries of its stratification in L + V'-oih\ts. 

Theorem 2.7 ([PRlJ, Thm. 8.4). Suppose that G splits over a tamely ramified extension 
of K and that the order of the fundamental group of the derived group 7Ti(G"der) is prime 
to the characteristic of k. Then for any w E W the Schubert variety S w is normal, 
Frobenius- split (when char(fc) > 0) and has rational singularities. 
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Let C be an alcove of A, and assume that F' and F are contained in its closure. 
Recall that we have a semidirect product decomposition W = ~k\{G)i x W^. Denote by 
I the length function of W with respect to C. 

Proposition 2.8. Let w € f'W f . 

(i) The Schubert variety S w = S W (P',P) is set theoretically the disjoint union of locally 
closed subvarieties 

S w = I] C V (P',P). 

v& F ,W F 
v<w 

(ii) The dimension of S w is l{w). 

Proof. We may assume after translation with some element of it\{G)i that S w is con- 
tained in the neutral component (Ff)° and so w E W a {. Let B = Pc be the Iwahori 
subgroup corresponding to the alcove C. Since (LG)°(k) = ker(Kc) = G\, the fc-points 
S w (k) coincide with a (P', P)-Schubert variety for the double Tits-system (G\, B, Ni,S) 
(cf. &}. 

First assume that P = B is the Iwahori subgroup. Denote the corresponding Iwahori 
group scheme by B. Using the Demazure resolution in [PR1[ Prop. 9.6 (b)], we see that 
the closure of an L + S-orbit is the disjoint union of the L + ,S-orbits for elements which 
are smaller than w with respect to the Bruhat order. By Lemma 11.31 and Equation 
(|1.6|) . this implies (i). Using the Demazure resolution again, we see that the dimen- 
sion of an L + i3-orbit is exactly the length of the corresponding element in W a f . Hence, 
the _L + ,6-orbit of w is the unique L + £>-orbit of maximal dimension in S w . So we have 
dim(5 w ) = l(w). This proves (ii). 

If P is not neccessarily an Iwahori subgroup, we consider the projection p : Tc — > Ff 
from the full flag variety to the partial flag variety. Then p -1 (<!?„,) is a (P', -B)-Schubert 
variety and its projection onto Ff is S w . This implies (i). Since = C W (B, P) is open 
in S w , it is enough to determine dim(C^). We have a smooth, surjective morphism 

P\p- l {Cg) '■ ) — ► 

and so dim(C^) = dim(p _1 (C^)) — dim(p _1 (w)). We show that there is set theoretically 
a disjoint union 

(2.1) P-\C*)= U C WU (B,B). 

ueW F 

But P = YL U £yy BuB by general properties of Tits-systems, and hence 

BwP = [J BwBuB. 

uew F 

Since w = w F , we have l(wu) = l(w) + l(u) for all u G Wf, and therefore BwBuB = 
BwuB. This proves (|2,1|) , 
By the Iwahori case we have 

dim(p -1 (C^)) = Mmtl(wu). 

u<=W F 

But l(wu) = l(w) + l(u) and the right hand side is equal to l(w) + 1(wq), where wo is 
the longest element in Wf- Using Remark 12.91 (i) below we get 

dim^H) = dim(L + V/L + B) = l(w ), 

and we are done. □ 
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Remark 2.9. (i) Let Pp be the maximal reductive quotient of the special fiber of Vf- 
The maximal /f-split torus S has a natural C^-structure, and its special fiber S is a 
maximal torus of P F ed (cf. \Ti\ 3.5]). The group Wp can be identified with the relative 
Weyl group of P F ed with respect to the maximal torus S (cf. |TH 3.5.1]). Let / be 
a facet whose closure contains F. Consider the special fiber of the induced morphism 
V } -»• Vf- The image in Pp ed is a parabolic subgroup Pj and reduction mod vc\k gives 
an isomorphism 

L+Vf/L+Vj A Pf d /P' f . 

Hence, L + Vf / L + Vf is a homogeneous space and its dimension is given by the length of 
the longest element in (Wf)*, where (Wf)^ are the minimal length representatives of 
W F /Wf in W F - 

(ii) Lemma fl.3l and some geometric arguments similar to those in the proof of Proposition 
12.81 may be used to obtain another proof of Lemma 11.61 

If F' = F = {x} is a special vertex, then i x \W^ x ^ = X*(T)J by Corollary 11.81 are the 
antidominant coweights. Then Proposition 12.81 implies: 

Corollary 2.10. Let \i G X*(T)J be a antidominant coweight. 

(i) The (P{ x y, Pr x y)- Schubert variety is set theoretically the disjoint union of locally 
closed subvarieties 

X€X,(T)J 

\<fj, 

where A < fx in the antidominance order. 

(ii) The dimension of is \(/i,2p)\. 

3. EQUIVARIANT RESOLUTION OF SCHUBERT VARIETIES 

We explain the construction of an equivariant affine Demazure resolution in twisted 
affine flag varieties. This is analogous to the construction in finite dimensional flag 
varieties explained by S. Billey and V. Lakshmibai in |BH Ch. 9.1]. We thank N. Perrin 
for explaining a proof to us and his permission to reproduce it. 

Fix an alcove C in the standard apartment A = A(G, S, K) of the connected reductive 
group G over K with fixed maximal iT-split torus S. Let B = Vc be the corresponding 
parahoric group scheme and B = B(Ok) the parahoric subgroup. We refer to parahoric 
subgroups of G(K) containing B as standard parahoric subgroups. 
Let W = -k\{G)i ix Waf be the Iwahori-Weyl group and denote by S the set of simple 
reflections at the walls of C. Recall (cf. (|1.2p ) that the quadruple (G\, B , Ni,E) is 
a double Tits-system with affine Weyl group W a f. For any facet F contained in the 
closure of C, the group Wf is a parabolic subgroup of the Coxeter-system (Waf, S) 
which is generated by the simple reflections Si? at the walls of C containing F. Let W F 
be the set of minimal length representatives of W /Wf, i.e. 

W F = {w G W | w = w F } = {w G W | l(ws) = l(w) + 1 V s G §p}. 

Analogously, we define F W as the set of minimal length representatives of Wf\W, i.e. 

F W = {w G W | w~ l G W F } = {w G W | l(sw) = l(w) + 1 V s G Sp}- 
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For any w G W, we may write 

w = w F ■ wf (resp. w = fw • F w ), 

where w F G VF^ (resp. € F W) and so £ Wp (resp. ^it; G Wi?). We sometimes 
replace the subscript (resp. superscript) F by the corresponding parahoric subgroup. 

Fix a facet F in the closure of C and denote by Pp (resp. Vp) the corresponding 
standard parahoric subgroup (resp. parahoric group scheme). Let w G W a f and S w the 
(£?, Pp)-Schubert variety in Tp corresponding to w. 

Definition 3.1. A sequence of parahoric group schemes "P\ v ~^P n an d Qi,---,Qn with 

(i) L + Qi C L+Vi n L+Vi+i for i = 1, n - 1, 

(ii) L + Q n c L+7? n n L + V F 

is called resolutive with respect to S w , if the morphism given by multiplication 

L+Vi x L+Sl ... x L+Qn ~ 1 L + V n /L + Q n — ► J> 
factors through Su, and induces a birational morphism 

m : L + V! x L+Ql ... x L+Qn ^ L + V n /L + Q n — )■ 5 W . 

The morphism m is L + "Pi-equivariant, and hence L + Vi must stabilize the Schubert 
variety S w . Moreover, by Remark 12.91 the source of m is an iterated extension of homo- 
geneous spaces and hence smooth. 

Examples 3.2. (i) Let w G (Wgf) F and fix a reduced decomposition (si,...,s n ) of u;. 
Denote by Vi the parahoric group scheme corresponding Sj. Set = S for i = 1, ...,n. 
Then the sequence Vi,...,V n and Qi, Q n is resolutive for S w . 

(ii) Let G be split and simple. Assume that F = {x} is a hyperspecial vertex and 
that w = e~ aV , where — a v G X*(T)~ is the unique short antidominantd coroot with 
respect to the maximal torus T. Let V a v be the unique standard parahoric group scheme 
corresponding to the simple (finite) reflections § Q v which stabilize a v . The simple affine 
reflection is sq = e a s a , where s a is the reflection about the hyperplane ker(a) C X*(T). 
Denote by V So<a v the unique standard parahoric group scheme corresponding to the set 
of simple reflections {sq} U S q v. Set 

'Pi = P{x] and V 2 = P so , a v 

and 

Qi = 7V and Q 2 = P a ^ 
Then the sequence V\ , Vi and Q\ , Q2 is resolutive for 5^ in the affine Grafimannian 
Ts x \. This is the resolution given by Ngo and Polo in [NP[ Lemme 7.3]. 

Lemma 3.3. There is a unique parahoric group scheme V w such that L + V w stabilizes 
S w , and such that P w = L + V w (k) is maximal among all standard parahoric subgroups 
with this property. Furthermore, 

W Pw = span{s G S | l((sw) F ) < l(w F )} C W ai . 

Proof. For any s G S, the properties l((sw) F ) < l(w F ) and (sw) F < w F are equivalent. 
Let P w be the standard parahoric subgroup corresponding to the set of simple reflections 
{s G S I (sw) F < w F }. By PropositionES] (i), the group scheme L + V w stabilizes S w 
and P w is maximal with this property. □ 



'The sign comes from the normalization of the Kottwitz morphism in Remark 1 1.2 1 
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The group scheme L+V w is called the stabilizer of S w . 

Theorem 3.4. Let w € (W a f) F and let S w be the corresponding (B, Pp)- Schubert vari- 
ety. Then there exists a unique decomposition w = w% • ... • w n with 

l(w) = l(wi) + ... + l(w n ), 

and with the following property: define the sequence of parahoric group schemes V\,...,V n 
and Qi,...,Q n by the following conditions, 

(i) L+Vi is the stabilizer of the (B, Pp)- Schubert variety given by Wi ■ ... ■ w n 
for i = l,...,n, 

(ii) L + Qi = L+Vi n L+Vi+i for i = l,...,n-l, 

(iii) L+Q n = L+V n nL+V F . 

Then V\,...,V n and Qi,...,Q n is resolutive for S w . 

Corollary 3.5. Let F' be another facet in the Bruhat-Tits building ofG and let S(F' , F) 
be any {F 1 \F) -Schubert variety in Fp. Then there exists a resolutive sequence of para- 
horic group schemes for S(F',F) such that the corresponding birational morphism is 
L + T > pi-equivariant. □ 

Proof of Theorem \3.4\ (N. Perrin). Let L+V = L+V\ be the stabilizer of S w , and denote 
by P = L+V(k) the corresponding parahoric subgroup. Write w = pw ■ w and define 
W\ = pw. Note that pw is non-trivial, if w is non- trivial. So L + Q = L + Q x is the 
intersection of L+V with the stabilizer of the (B, Pp)-Schubert variety S v corresponding 
to v = p w. 

claim: The element w± = pw is the longest element in (Wp)® . 

Let s £ §>p, and assume that l(swi) = l(wi) + 1. Since sw\ £ Wp, we get that 
l(swiv) = l(swi) + l(v), which means l(sw) = l(w) + 1. Hence, sw > w in the Bruhat 
order. But s € Wp implies (sw) F = w F = w, i.e. w^^-sw € Wp. We obtain 

F ( -1 \F / -1 \F 
v = v = [vw sw) = [w 1 SWlV) , 

and so w^swi G Wq. This implies that l((swi)®) < l(wf), and hence the claim. 
We next show that the morphism 

(3.1) L + Vx L+Q S v ^S w 
given by multiplication is birational. 

In the following, we equip all orbits with their reduced scheme structure. By the claim 
above, the orbit {L+B P w L+Q) / L+Q is the open L + £>-orbit in L+V j L+Q. We obtain 
that (L+B pwL+Q) x L+Q (L+Q p w L+P F ) / L+V F is open in L+V x L+Q S v and, via the 
multiplication morphism, isomorphic to (L+B w L+V p)/ L+V p. This proves that the 
morphism (|3.ip is birational. The theorem now follows by induction on n. □ 

4. Example of a ramified unitary group in odd dimension 

We make Theorem 13.41 explicit in the case of a twisted affine GraBmannian for a 
ramified quasi-split unitary group. In the presentation of the material we follow [PR3]. 

Assume that char(A;) ^ 2. Fix a quadratic totally ramified extension K of K and 
a uniformizer u € with u 2 = t, where t is a uniformizer of Ok- We extend the 
valuation of K to K, i.e. val(tt) = |. Denote by 7 G I = G&1(K /K) the non-trivial 
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element of the Galois group. Let G = SU(W, <j>) be the special unitary group for a 
hermitian vector space (W, <p) of odd dimension n = 2m + 1 > 3 over K, i.e. 

G(R) = {g G SL(W ®k R) | <t>{gv, gw) = <f>(v, w) V v,w eW ® K R} 

for any i^T-algebra R. Assume that <p splits, i.e. that there exists a basis e\, ...,e n of W 
such that 

<j)(ei,e n -j + i) = Sij V i,j = l,...,n. 

For < i < n — 1 , set 

A, = span ^{n _1 ei, u _1 e;, e i+x , e n }, 

and complete {Ao, . . . , A n _i} into a selfdual periodic lattice chain (Aj)j G z by defining 
A gn +i = u~ q Ai for i G {0, . . . , n — 1}. The dual A^ with respect to 4> of the lattice Aj is 
given by A^ = A_j. 

For any non-empty subset J C {0, . . . , m} we may consider the partial periodic lattice 
chain A^ = (Aj)j of type J, for i G J U (— J) modulo n. Every parahoric subgroup of 
G{K) is conjugate to the stabilizer of a partial selfdual periodic lattice chain of some 
uniquely defined type J (cf. [PRTJ §4]). In this way we get a bijection between non- 
empty subsets of {0, ...,m} and conjugacy classes of parahoric subgroups of G(K). The 
subsets J = {0} and J = {m} correspond to the special parahoric subgroups. Let Vj 
be the parahoric group scheme which corresponds to the stabilizer of the lattice chain 
A. J - 

Now let V = Vj with J = {m}. Let T = LG/L + V be the corresponding twisted 
affine Grafimannian. By [PR1, Thm. 4.1], there is a functorial bijection of sets between 
■7-~(Spec(-R)) and 

partial selfdual periodic 

(i) A" C m = (u~ m ) 
iijnj -lattice chains m 

(ii) C m+ i/C m is locally free on R of rank 1 

tor i G {m, — m\ mod n 

Let S be the standard (diagonal) maximal split torus of G whose X-valued points are 

{diag(ai,...,a m ,l,a m 1 ,...,a ] ; 1 ) | G K V i = l,...,m}. 

Its centralizer T is the maximal torus whose X-valued points are 

{diag(ai, . . . , a m , a _1 a , a" 1 , . . . , a^ 1 ) \ a = a\ ■ . . . ■ a m and OjGK V i = 1, . . . , m}. 

We fix the Borel subgroup of upper triangular matrices in G, and the alcove contained 
in the corresponding positive Weyl chamber. 

The group G is simply connected and hence W = W a f by Remark 1 1.51 For p = 0, . . . , m, 
define 

(4.1) e -<* d ^ [diag(«W 1, . . . , 1, (-n" 1 ^)] G WW, 

where (— l) p is the m + 1-th entry of the diagonal matrix. We are interested in deter- 
mining the resolution provided by Theorem 13.41 of the (V, 'P)-Schubert varieties S p C T 
corresponding to e~^ p in terms of lattice chains. 

First we make the Kottwitz morphism kt '■ T{K) — > X*(T)i and the identification of 
the affine Weyl group with the affine Weyl group of a reduced root system explicit. 
We identify 

X*(T) = {(x\, . . . , x n ) G Z n | ^ = 0} C Z n 

and X*(T) = Z n /Z with Z Z n embedded diagonally. The non-trivial element of the 
Galois group I acts on Z n by 

(xi, . . . , x n ) i y ( x n , . . . , x\). 



> . 
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The pairing X*(T) x X*(T) — > Z is induced by the standard pairing Z" x Z" -> Z. This 
gives rise to a commutative diagram 

i t (r),xr(r/ ► z 

(4.2) 



Hence, the pairing (-,-) : Z m x Z m — s- Z in (|4.2p is the standard pairing. 

Set y = JC^T)/ ® R = IR m . Since X*(T)j is torsion free, the Kottwitz morphism is 

uniquely determined by 

(/cr(o),ej) = -val(oiOi), 
for a G T{K) and ej the i-th standard basis vector of V v = M m , i.e. we have0 

K T :T(^)^^(T) 7 = Z m 
diag(ai,...,a n ) i — ► (-2 val(ai), . . . , -2val(a m )). 

We identify X*(S) via the canonical mapping X*(S) C X*(T) — >• X*(T)/ = Z m with 

2Z m . By [PR31 2.4.2] the affine root system of G with respect to S (in the chosen basis 

of V v ) is given by 

111 11 1 

2 &i ^ 2 Gj + 2 2 &i + 2 ± ej + - + Z. 

Hence, the set of root hyperplanes is the zero set of the affine functions 

{±e; ±ej +Z,±2 ei + Z}, 

i.e. the corresponding reduced root system Eo is of type C m . By the choice of the base 
lattice A m the affine Weyl group Wrf is represented as a semidirect product 

(4.4) W af = Q v (£ ) x W(£ ) = Z m x W with W = 6 m * {±l} m 

The element e _/ip € W a f defined in (|4.1|) corresponds via the Kottwitz morphism kt to 
the antidominant cocharacter — p p = (— 1^), 0( m_p )). Denote by r^j the transposition in 
G m permuting i and j and by ±lj the i-th entry of {±l} m . Then the simple reflections 
si, s m of Wo are given by S{ = r^+i for i = 1, m — 1 and s m = — l m . The simple 
affine reflection so is given by s$ = ((lW,0^ m— — li) with respect to the semidirect 
product decomposition (|4.4p . 

Lemma 4.1. T/ie decomposition of e~ Mp (provided by Theorem \3.4\ l is determined by 

p 

■w P ,2 = n( s o • • • • • Si-i). 

i=l 

T/ie element w Pt 2 has length p ( p ^ and maps under the quotient mapping W a f — > Waf /Wo 
to p p . ^ 

Denote by Q p the standard parahoric group scheme corresponding to the subset of 
simple reflections {si, . . . , Sp, . . . , s m }. This set generates the stabilizer of \i p in Wq. Let 
p = (m, m — 1, . . . , 1) 6 y v be the halfsum of the positive roots in So- 

Corollary 4.2. XTie Schubert variety S p has dimension \(p p ,2p)\ = p(2m + 1 — p), and 
there is set theoretically a disjoint union in L + V-orbits given by 

v 

S p = Y[L + Ve- fMi L+T/L+V. 



4 The sign in (|4.3p comes from our normalization of the Kottwitz morphism in Remark 11.21 
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Moreover, the multiplication morphism 

m:S p = L + V x l+q p (L+Q p e^L+V)/L + V — ► {L+Ve~t"p L+V) / L + V = S p 
is a resolution in the sense of Theorem \3.4\ 

Proof. Corollary I2.1UI implies the statement on the dimension and stratification. The 
second statement follows from Lemma 14.11 and Theorem 13. 41 □ 

Remark 4.3. The maximal reductive quotient V red of the special fiber V = V ®o K k 
is isomorphic to the symplectic group of a 2m-dimensional /c-vector space as follows: 
Every element of V commutes with the linear map u ® 1 on A m <g> k, and we obtain a 
morphism of fc-groups 

(4.5) V — > SL(A m /uA m ), 

whose kernel is unipotent. Let E = A m /A^, a 2m-dimensional quotient space of 
A m /uA m . The reduction modulo u of ucf) induces a symplectic form spl on E, and 
(14. 5p induces an isomorphism of fc-groups 

(4.6) V vcd A Sp(£). 



We will now give a linear algebra description of the resolution m : S p —> S p . 
Let S p be the functor on the category of /c-schemes whose Spec(i?)-valued points are the 
set of R^uJ -lattices A such that 

(i) A C n _1 A v and n" 1 A v /A is locally fr ee on R of rank 1 

(ii) A n A = {u~ m ) 

(iii) inv(A m fc R, A) < -fx p . 

Let S p be the functor on the category of fc-schemes whose Spec(i?)-valued points are the 
set of pairs of -lattices (A', A) such that 

(i) A satisfies properties (i)-(iii) above 

(ii) (A') v C A' and A'/(A') V is locally free on R of rank 2(m — p) 

(iii) A' C A and A/ A' is locally free on R of rank p 

(iv) A C A m and A TO /A is locally free on R of rank p. 

Conditions (ii) and (iv) say that A' defines a point of L + V / L + Q p . 

The functors S p and S p are representable by projective schemes over k, and there is a 

natural projection m! : S p — > S p . 

Set A' m = A m n (e _/ip A m ). We have morphisms <p : S p — > S p and if) : S p — >• S p given on 
Spec(i2)-valued points by 

if : S p (Spec(R)) — > S p (Spec(R)) 
g-V{RM)^g-{A m ® k R) 

and 

ip : S p (Spec(R)) — > 5 p (Spec(i?)) 
(c, h) ■ (Q P {RM) x V{R{t})) ^ (c • (A^ fc fl),ch- (A m ® k R)). 
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Proposition 4.4. There is a commutative diagram 



-> Sr, 



Jp r ^J p 

with the vertical maps (p and if) being isomorphisms. 

Proof. The diagram commutes, and the map <p evidently is an isomorphism. An easy 
calculation shows that ifi is a monomorphism. Since ip is also projective, it is by [EGA4, 
Prop. 8.11.5] a closed immersion. We show that S p and S p are irreducible and smooth 
of the same dimension, which will finish the proof. 

By Corollary 14.21 the scheme S p is irreducible and smooth of dimension p{2m + 1 — p). 
Consider the commutative diagram 



S n 



pr x 



L+r/L+Q p 



W2 



j2m ~p(E,(j> s &), 



where S2m-p(E, 4> spl ) is the finite-dimensional Grafimannian of (2m — p)-dimensional 
isotropic subspaces E' of the symplectic space (£,<f pl ), i.e. {E') L C E' with respect 
to the symplectic form spl (cf. Remark 14. 3|) . The vertical arrows are given by pr x : 
(c, h) h-> c and pr 2 : (A', A) i-> A'/A,^. The map j is given by c h-> c-A' m /A^. The scheme 
L + V / L + V s maps via (|4.6f) isomorphically onto Sp(E)/Q p , where Q p is the parabolic 
subgroup of Sp(-E) with Weyl group equal to the stabilizer of fi p in Wq. We obtain a 
factorization 

J " - P (i?,0 spl ) 



L+V/L+Q. 



2m- 




Sp(E)/Q p 



Consider the (2p + l)-dimensional /c-vector space 



and hence j is an isomorphism. 

H = (e~^A m + u 

orthogonal form </>° un -t-t . vj op 

of p-dimensional isotropic subspaces H' of the orthogonal space (H 



l K]l n )/A l m . The reduction modulo u of the form u 2 cf) induces an 
on H. Denote by % p {H,cf) ort ) the finite-dimensional Grafimannian 

Then the mor- 



iort\ 



phism pr 2 is a Q P (H, 4 
(p(2m — p) 



> ort )-bundle, 
Pip ~ 1) - 



and thus S p is irreducible and smooth of dimension 



+ (p(p + 1) 



pip + 1] 



) = p(2m + 1 — p). 



This proves the proposition. 



□ 



5. Applications to some local models of Shimura varieties 

We give an application of the resolution constructed in Theorem 13.41 to the theory 
of local models of Shimura varieties in the case of a quasi-split unitary group with a 
special maximal parahoric level structure. In this case, the resolution is identified with 
an irreducible component of the special fiber of some model M.^ . This is in analogy 
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with the work of G. Pappas and M. Rapoport in [PR2] and N. Kramer in [Krj. We 
deduce some geometric consequences for the local model which were obtained earlier by 
K. Arzdorf in |Arz] using direct computations. 

First we fix some notation. Let L/Lq be a quadratic totally ramified extension of 
local fields with ring of integers Ol/Ol and algebraically closed residue field k of 
characteristic 7^ 2. Fix a uniformizer ttq G Ol , and a uniformizer tt € Ol with ir 2 = ttq. 
Denote by 7 the non-trivial element of Gal(L/Lo). Let (W, (/>) be a L/Lo-hermitian space 
of odd dimension n = 2m + 1 > 3. We define the non-degenerate symmetric Lo-bilinear 
form (-,-): W x W -»■ L by 

( X ,V) = 7;TrOO>2/))- 

For a Oi-lattice A, denote by A v the dual with respect to 4>, and by A the dual with 
respect to (-,-). Then A = tt~ 1 \ v . Assume that <j> splits, i.e. there is a basis e±, . . . ,e n 
such that 

(f)(ei,e n - j+ i) = 5ij V i,j = l,...,n. 
For i = 0, . . . , n — 1, define the O^-lattices 

Aj = f span e , £ {7r _1 e 1 ,... ) 7r _1 e i ,ei + i,...,e n }, 

and complete {Ao, • • • , A n _i} into a selfdual periodic lattice chain A. = {Aj}j e z. 

For any 0L-scheme S and any O^-lattice A, set A5 = A ®o Lq @s and likewise, write 

(-,-)s = (~7-)®Ol ®s- Denote by II the operator 7T(g>l on A5. Note that A m> s = \ m +i t s, 
i-e. X m ,s an d ^m+l,S are in duality with respect to (-,-)s- 

5.1. The local model. We follow [PR3[ §l.e] for the definition of the local model. See 
also [Arz] in this particular case. 

Fix non-negative integers s < r with r + s = n. Let Mf aive = M? a \ ve be the functor 

on category of O^-schemes defined as follows: for any O^-scheme S, let Mf a,lve (S) be 
the set of Ol ®o l 05-submodules 

£s C \ m> S, £'s C \m+l,S, 

which are locally (on S) direct summands of rank n, subject to the conditions (N1)-(N3) 
below: 

(Nl) There is a commutative diagram induced by the canonical lattice inclusions: 

% J 

\n,S > Kn+l,S > K~ ^m,S 

£ > £' > TT~ 1 £ 

(N2) The vector bundle £' = £ is the orthogonal complement of £ with respect to 

(-,-)s : ^m,S X \n+l,S > ®S- 

(N3) The characteristic polynomial of Tl\£ is given by 

det(T - U\£) = (T — tt) s {T + vr) r G O s [T]. 

The functor M^ aive is a closed subfunctor of a product of finite-dimensional Grafiman- 
nians and hence representable by a projective O^-scheme. 

We consider the closed subscheme Mg C M^ aive which to any 0£,-scheme S, associates 
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the set of pairs (£,£') G M s naive (,S") such that condition (W) below holds: 
(W) The exterior powers 

r+l s+1 

/\(n-vr|£)=0 and f\ (II + ir\£) = 0, 
vanish, and the same holds true with £ replaced by £'. 

The scheme M° aive is called the naive local model of signature (r, s) (associated to the 
group of unitary similitudes GU(^) and J = {m}), and M A is called the wedge local 
model of signature (r,s). 

Lemma 5.1. On generic fibers M A = M™ Ye , and these are isomorphic to the finite- 
dimensional Grafimannian 5s,n(W) of s- dimensional subspaces ofW. 

Proof. Let S be a scheme over L. We have an isomorphism of O^-algebras 

(x,y) i — > {xy,xy). 

Let (£ , £') G M°^ lve (5). Let £ = £ + © £~ be the decomposition according to the above 
isomorphism of Os-algebras. The operator II acts through +ir on £ + and through — tt 
on £~ . By Condition (N3) the summand £ + has rank s, and £~ has rank r. The same 
is true for £', and hence Condition (W) is automatic, i.e. M^ V (S) = M^ ivc (S). By 
Condition (N2) the module £ ' is already determined by £. On the other hand, £~ is 
already determined by £ + , and we obtain an isomorphism 

(£,£') ^£ + . 

□ 

There is a further variant: let M] oc be the scheme theoretic closure of the generic 
fiber M^ lve in Mf aive . The scheme M loc is called the local model of signature (r, s). We 
have closed immersions of projective O^-schemes 

M] oc C M s a C M s naive , 

which are equalities on generic fibers. 

5.2. A candidate for a semistable resolution of M A . In analogy with [PR2J and 
|Krj . let Aig be the functor which is defined as follows: for any O^-scheme S, let Mg(S) 
be the set of triples (£,£', Q') with (£,£') G M A (S) and a O l ®o Lq O^-submodule 

Q' C £', 

which is locally (on S) a direct summand of rank s, subject to the conditions (Rl) and 
(R2) below: 

(Rl) There is an inclusion (II + n)£' C Q' . 
(R2) The operator (II — tt)\Q' = vanishes. 

The functor is as a closed subfunctor of a product of finite-dimensional Grafimannians 
representable by a projective Ox-scheme. Denote by 

(5.1) tt s : M A — ► M A 

{£,£', g')^{£ ,£'), 
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the canonical projection. The morphism ir s is an isomorphism on generic fibers: With 
the notation from the proof of Lemma 15.14 we have Q' = (£') + on the generic fiber. 
On the special fiber of the wedge local model Mg = Mg (g> k only condition (W) above 
depends on s, and for i < j, there is natural closed immersion C Mj . Hence, we 
obtain a chain of closed immersion 

{*} = Mq C Mi C . . . C M^_ x C Mg . 

For i = 0, . . . , s, let Zj be the strict transform of the open subschema^ M^\M / ^_ l C Mj 
under the special fiber W s : A4g — > Mg of the morphism (|5.1|) . 

Theorem 5.2. (i) The schemes Zq,...,Z s are irreducible and generically smooth of 
dimension rs, and hence the special fiber M s = Uf =0 Z{ is the union of s + 1 divisors on 
the scheme Mg . The divisors Z$, Z s are smooth, and the restriction if s \z s '■ Z s — > M s is 
a surjective birational projective morphism. In particular, Mg is irreducible and contains 
a non-empty open reduced subscheme. 

(ii) The special fiber of the local model m|° c is equal to the reduced locus (M^) TC &, and 

— — loc loc 

hence Th\z s factors through M s defining the morphism 9 : Z s — > M s . Under a 
suitably embedding in a twisted affine Grafimannian, the morphism 6 is identical to the 
equivariant affine Demazure resolution in Proposition \4-4\ 

Remark 5.3. (i) If (r, s) = (n — 1, 1), an explicit calculation, analogous to the calculation 
in |Krj . shows that the morphism 

7Ti : — ^ Mi 

is a semistable resolution, i.e. A4 X is regular, and the irreducible components of the 
special fiber {Zi}i=o,i are smooth divisors crossing normally. However, in this case the 
local model M\ oc is already smooth as was pointed out by the author \Arz\ Prop. 4.16]. 
(ii) One may ask wether ir s : A4g — > Mg is a semistable resolution in general. I know of 
no counterexample. 

First we need a few lemmas on the structure of Aig- Then we explain the embedding 
into the twisted affine Grafimannian in £15.31 below and finish the proof of Theorem 15.21 
Let (£ , £' , Q') be the universal triple over the special fiber M. s . Define the (non-empty) 
open subset 

U£ = {xeM^\ {G'/Ii£') ® k(x) = 0}. 

Since H£'\Ug = Q'\Ug , the restriction of if s : A4g — > Mg to Ug is an isomorphism onto 
an open subset U£ C Mg\Mg_ v We will see later that = M^\Mg_ l . 
Consider the n-dimensional k- vector nAm+i^, and its 2m-dimensional subspace iH\ m fi 
(2m = n — 1), where i denotes the morphism induced by the lattice inclusion A m C A m +i 
(see Condition (Nl) above). We equip tfW m ^ with the non-degenerate symplectic form 
(-,-) : inA mi A; x iU.X m ,k -> k defined by 

(illu, iliv) = f (u, iHv )fc, 

for u, v £ \ m ,k- Note that this is well-defined. Denote by Ss,2m(i^^m,k, (-,-)) the finite- 
dimensional Grafimannian of s-dimensional isotropic subspaces of inA mj fc with respect 



'By definition M_i = is the empty set. 
; See SO] below. 
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to (-,-}. 

By Condition (Rl) above, we have a morphism 

Mg ► 9s,n(nA m+ i i fc) 

Define Z by the cartesian diagram 

Zc >M* 

Lemma 5.4. T/ie scheme Z is irreducible smooth projective of dimension rs, and is 
equal to the scheme theoretic closure ofU^ in A4 S . 

Proof. Let Q' sp[ be the universal element of $ s ,2m{iR^m,ki ("?"))• We have 

Z(S) = {(£ s ,£' s ,(g> spl )s) e M$(S)}, 

for any A:-scheme S. We consider the locally direct summand V = i H Q' ^ °^ 

A m,S s , 2m (inA m , fc ,(-r» of rank n + s + l. For a triple (^ pl )s) G Z(5), we claim 

that 

(5.2) Vjc£' s C iV s , 

where Vg is the orthogonal complement of Vs with respect to (-,-)s- 
Second inclusion in \5.2c consider the (degenerate) symmetric bilinear form 

We see that ker(i) = (ne m+ i^s) C £s- From Condition (N2), it follows £' s C i\ m ,s, and 
hence (using Condition (Rl)) the second inclusion is obvious. 

First inclusion in \ 5.13i by taking complements, we obtain from the second inclusion 
(iVs) ± C £s- Since 

(V s ,i(iV s ) L ) = ((iV s ) ± ,iVs) = 0, 

we obtain i(iVs)' L C V$. This is an inclusion of locally direct summands of rank n — s — 1 
and is thus an equality. Then the first inclusion follows from 

= i(iV s ) x c i£ s 

and from Condition (Nl) above. 

Note that the isotropy condition on Q' spl translates into Q' j C V§. 
Since i(iVs) ± = V$, the morphism i induces an isomorphism 

i ■ Vs/iiVs) 1 - A iVs/Vj, 

and hence gives rise to a non-degenerate symmetric bilinear form 

(-J-)s : Vs/iiVs)^ x Vs/iiVs) 1 - — > O s . 

Note that Vs/^Vs)- 1 is a locally free Cg-module of rank 2s + 1. The condition i£g C £g 
is equivalent to the condition 

Zs/iiVs) 1 - c (£s/(iVs)- L )- L ' J 
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where (-)"*"' denotes the complement with respect to {-,i-)s- All in all, we have con- 
structed a morphism of Ss,2m(^nA mj fc, (-, -))-schemes 

f : Z ^ 5s,2 S +i(V/(iV) ± ,(-,i-)) 

where Ss,2s+i(V/(iV) _L , (-, i -)) is the finite-dimensional GraBmannian of s-dimensional 
isotropic subspaces with respect to (-,i-). It is easy to see that / is a projective 
monomorphism and hence is a closed immersion [EGA4, Prop. 8.11.5]. We claim that 
/ is an isomorphism. Since Ss,2s+i(V/(iV) _L , (-,«-)) is irreducible smooth (in particular 
reduced) of dimension 

/ / \ sis — 1). , . , s(s + l), , . 

( s ( 2m -s)- A ^~ L ) + {s{s + 1) - A ^ r L ) = s{n - a), 

it is enough to prove that dim(Z) > s{n — s). To finish the proof, we show that C Z, 
i.e. if (£s,£g,G'g) is a S'-valued point of Mg (g> k with IL£' S = Q' s , then Q' s is contained 
in iIIA mj s and is isotropic with respect to (-,-): 

We have seen that £' s C iX m ,s and thus Q' s = II£g C iHX mt s- It remains to show that 
{U£' s ,TL£' s }s = 0. We may assume that S = Spec(i?) is the spectrum of a local ring. 
Let x 6 S(k) be the closed point. The subspace iTL£ K ^ C Tl£', x s is of codimension 
< 1. Hence, we can write H£' K ^ = iH£ K ^ + spanju}. Let v be a lift of v in n£^. By 
Nakayama's Lemma H£' s = iTl£$ + spanji;} on S. But {iH£s,n£' s )s = by definition 
of (-,-)s, and we have to show that (v,v)s = 0. But the form (-,-)s is symplectic and 
char(/c) + 2. □ 

Corollary 5.5. The morphism tt s \z '■ Z — > is surjective and birational. In partic- 
ular, Mg is irreducible and contains a non-empty open reduced subscheme. 

Proof. It is enough to show that Z{k) — > M^{k) is surjective, i.e. if (£ k ,£' k ) £ M^(k), 
then there is a Q' k £ Ss,2m(TIA m) fc, (-,-))(k) such that (£ k ,£' k ,Q' k ) G Z s (k). So we have 
to find a s-dimensional isotropic subspace Q' k C iIiX mtk such that 

u£' k eg' cmx m , k n£' k . 

In the proof of Proposition 15.41 we have seen that (U£' k ) ± ' C Ilf^, where (-) ±r denotes 
the orthogonal complement with respect to (-,-). We claim that (Tl£' k )- L ' C iIiX mtk n£' k , 
i.e. (Tl£ k )- L ' C £' k . let iHv £ iUX mtk with {iUv,H£ k } = 0. In particular, we have 

= (iILv,iIL£ k ) = (v,iIL£ k ) = (£ k ,iILv), 

and hence illv € £ k = £' k . This proves the claim. The existence of Q' is now obvious. □ 

5.3. Embedding in the affine Grafimannian. A standard technique is the embed- 
ding of the special fiber of the local model in the corresponding twisted affine flag variety. 
For the case of a ramified unitary group, see |PR3[ §3.c]. 

Let /c((u))//c((f)) be an extension of local fields of Laurent series with u 2 = t. We use 
the notation from £j3J Consider the the standard lattice chain A,. For i € Z, we fix 
isomorphisms compatible with tt (g) 1, resp. u (g) 1 

Aj ® 0l k = Aj <g> fc [ t ] k, 

which sends the natural basis of each side to one another. For a fc-algebra R and a 
i?-valued point (£,£') £ M^(R), define the RfuJ -lattice Cs (resp. Cg') as the inverse 
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image of £ (resp. £') under the canonical projection 

(5.3) A{ m } <g) fc [ 4 ] — > A{ m } (g) fc [ t j i? 

(resp. A {m+ i } ® m fl[t] — ► A {m+1} (g> fe j t] i? ). 

Let J 7 = LGt/((/>)/L +, P be the twisted affine Grafimannian for the group of unitary 
similitudes GU (eft) and the parahoric group scheme V = Vi corresponding to / = {m} 
(cf. [PR3, §3.c]). Then we obtain a closed immersion into the neutral component 

Ml — ► J" 

(5-4) 

which is equivariant for the action of L + V. The point (IIA m) fc, nA m+ i /») maps to the 
standard chain corresponding to A m . As a corollary of Corollary [531 we obtain the main 
result from [ArzJ: 

Corollary 5.6. The special fiber of the local model M^° c is via (j5.4|) identical to the 
Schubert variety S p defined in §4\for p = s. Hence, it is normal, Frobenius split (if 
char (A;) > 0) and with only rational singularities. 



Proof. The proof goes along the lines of |PRlj Remark 11.4]: the embedding of M s 
into the affine Grafimannian identifies (M^) re( j = (M s ° c ) rec j (Cor. I5.5|) with a Schubert 

variety in J 70 . By Theorem 12. 71 the Schubert variety (M^° c ) re d is normal, Frobenius split 
and has only rational singularities. Since M] oc contains an open reduced subset (Cor. 
I5.5p . an application of Hironaka's lemma [EGA4, IV.5.12.8] to the flat C>L-scheme M] oc 

shows that M l °° = (M s ° c ) re <i. In fact, M l ° c is identical to S p with p = s: the reduced 
neutral component -^ ed is isomophic to the corresponding twisted affine Grafimannian 
for the special unitary group [PR1, Prop. 6.6]. Then the same calculation as in [PR3, 

2.d.2] shows that M^° c is indeed identical to S p . □ 

Remark 5.7. If (r, s) = (n — 1, 1), the special fiber is the quasi-minuscule Schubert 

variety in J 70 . But by Remark 15.31 above. M l ° c is smooth. Hence, the analogue of the 
Theorem of S. Evens and I. Mirkovic [EM, Cor. B], namely that the smooth locus of a 
Schubert variety is the open Schubert cell, does not hold for twisted affine Grafimannians. 
We will dicuss this question in a future paper. 

Proof of Theorem \5.°A First we prove (ii) : 

We will embed the irreducible smooth scheme Z (cf. Lemma [5.4[) in a product of twisted 
affine flag varieties compatible with the projection W s \z ■ Z — > M s , the embedding (|5.4|) 
and equivariant for the action of L + V: 

For a point (£,£', Q') € Z(R), denote by Cg> the iijuj-lattice defined as the preimage 
of Q' C £' under the projection C^i — > £' (cf. (|5.3|) ). Let p = s. Then condition (R2) 
implies that Q' C nA TO _|_i^ ; and it is easy to see that uCg, C A m defines a point of 
(L + V I L + Q P )(R), where Q p is the parahoric group scheme of GU(4>) corresponding to 
the set of simple reflections {si, . . . , s p , . . . , s m } as in $H We obtain a closed immersion 

Z — ► L + V/L + Q p x J" 
(£,£',g') ^ (uC v g , c A m ,u^C £ ), 
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such that the diagram 



Z <* 



* L + V/L + Q p x P 



k s \z 



pr 2 



commutes and is equivariant for the action of L + V. Since ir s \z ■ Z — > M s is L + V- 
equivariant, it is an isomorphism over the open set Ug = M S \M g_i- This implies 
Z s = Z is irreducible smooth and of dimension rs. Then W s \z s factors as a birational 

projective morphism 9 : Z s — > M s of algebraic varieties, and is by Corollary 15.61 and 
Proposition 14.41 identical to the equivariant affine Demazure resolution m : S p — > S p 
from This shows (ii). 

In view of Corollary [531 it remains to show that Mg= U| =0 Zj with Z% irreducible gener- 
ically smooth of dimension rs. The scheme Zq is the finite-dimensional Grafimannian 
Ss, n (nA m) fc) and hence also irreducible smooth of dimension rs. For i = 1, ... ,s — 1, 
we see that the morphism ~n~ l {U^) — > is a S(s-i),(n-2i)(ker(n|£')/n£')-bundle and 
hence Zi is irreducible and generically smooth of dimension 

(s — i)(n — s — i) + i(n — i) = s(n — s). 

This shows (i). □ 
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